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Encouraged by the global agreement between theoretical predictions and experimental measurements for
B → J/ψV decays, we extend that perturbative QCD formalism to B0d,s → J/ψf0(500)[f0(980)] decays at
the presently known next-to-leading order in the quark-antiquark description of f0(500) and f0(980). With the
angle φf ≈ 25
◦ of the f0(500)− f0(980) mixing in the quark-flavor basis, we find that the branching ratios of
the B0d → J/ψf0(500)(→ pi
+pi−) and B0d,s → J/ψf0(980)(→ pi
+pi−) modes generally agree with the cur-
rent data or the upper limits within uncertainties, except for the seemingly challenging B0s → J/ψf0(500)(→
pi+pi−) one. Then, we further explore the relevant observables of the B0d,s → J/ψf0(500)[f0(980)] de-
cays, which could provide further constraints on the mixing angle φf and/or SU(3) flavor symmetry break-
ing effects. As a byproduct, we predict BR(B0d → J/ψf0(980)(→ K
+K−)) = 5.8+3.1
−2.9 × 10
−7 and
BR(B0s → J/ψf0(980)(→ K
+K−)) = 4.6+2.6
−2.3 × 10
−5. All theoretical predictions await the future ex-
aminations with high precision.
PACS numbers: 13.25.Hw, 12.38.Bx, 14.40.Nd
I. INTRODUCTION
It is well known that the golden modes B0d → J/ψKS and B0s → J/ψφ in the heavy b flavor sector provide an ideal
ground to test the standard model(SM) and search for the possible new physics beyond SM. Because of the expected small
penguin pollution, the above two decays can usually offer good opportunities to extract the weak phases φd and φs [or the
Cabibbo-Kobayashi-Maskawa(CKM) angles βd and βs] from the indirect CP-violating asymmetries in the neutral B
0
d − B¯0d
and B0s − B¯0s mixings, respectively. Note that the significant nonzero deviations experimentally to the SM predictions for the
interesting sinφd and sinφs would indicate the exotic new physics beyond SM, and especially the latter one is of great interest.
However, it is stressed that the B0s → J/ψφ final state contains two vector mesons, which lead to a mixture of CP-even and
CP-odd eigenstates; then a complicated angular decomposition is required to analyze the relevant observables. Consequently,
the extraction of theB0s − B¯0s mixing phase φs suffers from large errors. Therefore, some new alternative channels are proposed
and, in particular, the B0s → J/ψf0(980) [For simplicity, f0(980) is abbreviated as f0 in the following context unless otherwise
stated.] is believed to have the supplementary power to significantly reduce the error of φs [1–3]. The underlying reason is that
f0 is a 0
++ scalar state [for example, see the minireview on scalar mesons coming from the Particle Data Group(PDG) in [4]],
and thus the final state J/ψf0 is a CP eigenstate, which means that, relative to the B
0
s → J/ψφ channel, there are no needs to
perform an angular analysis, and therefore the relevant analysis is simplified greatly. Indeed, this point has been proven in the
relevant measurements, for example, the latest one in Ref. [5].
Presently, this alternative channel B0s → J/ψf0 has been searched through the resonant contribution with f0 → pi+pi− by
a variety of groups experimentally. Meanwhile, the expected mixing partner f0(500), like η − η′ mixing in the pseudoscalar
sector, was examined in theB0d → J/ψf0(500) decay [hereafter, f0(500) is denoted as σ for convenience.] by the Large Hadron
Collider beauty(LHCb) Collaboration also through resonance studies [6, 7]. The available measurements of branching ratios for
the considered B0d → J/ψσ and B0s → J/ψf0 decays are as follows [4, 7–9],
BR(B0d → J/ψf0(500), f0 → pi+pi−) = 8.8+1.2−1.6 × 10−6 , (1)
BR(B0s → J/ψf0(980), f0 → pi+pi−) = 1.28+0.18−0.18 × 10−4 . (2)
The precision of relevant measurements will be rapidly improved along with more and more data samples collected at the LHCb
and/or Belle-II experiments in the near future. Moreover, the upper limits for BR(B0d → J/ψf0) and BR(B0s → J/ψσ) are
also made currently by the LHCb Collaboration as follows [6, 10]:
BR(B0d → J/ψf0(980), f0 → pi+pi−) = 6.1+3.5−2.4 × 10−7 < 1.1× 10−6 , (3)
BR(B0s → J/ψf0(500), f0 → pi+pi−) < 4× 10−6 . (4)
2It is necessary to stress that the LHCb results forB0s decays correspond to the time-integrated quantities, while theory predictions
refer to the branching fractions at t = 0 [11], and may differ by 10%.
Furthermore, an interesting ratio Rf0/φ between the branching ratios of the alternative B
0
s → J/ψf0 and the golden B0s →
J/ψφ channels is defined as [1]
Rf0/φ ≡
BR(B0s → J/ψf0, f0 → pi+pi−)
BR(B0s → J/ψφ, φ→ K+K−)
, (5)
which has been measured by various groups and the related results are collected as the following [9, 12–15],
Rf0/φ ≡
BR(B0s → J/ψf0, f0 → pi+pi−)
BR(B0s → J/ψφ, φ→ K+K−)
=


0.252+0.053−0.046 (LHCb),
0.257+0.024−0.024 (CDF),
0.275+0.073−0.073 (D0),
0.140+0.024−0.024 (CMS),
0.207+0.016−0.016 (HFLAV) .
(6)
Meanwhile, another ratio between BR(B0s → J/ψf0, f0 → pi+pi−) and BR(B0s → J/ψφ) from different groups is read as
follows [4, 9, 13, 14, 16],
BR(B0s → J/ψf0, f0 → pi+pi−)
BR(B0s → J/ψφ)
=


0.069+0.012−0.012 (CMS),
0.139+0.026−0.013 (LHCb),
0.135+0.036−0.036 (D0),
0.126+0.012−0.012 (CDF),
0.119+0.013−0.014 (PDG Fit),
0.111+0.020−0.018 (PDG Average) .
(7)
These data would be helpful to explore the dynamics involved in the B0s → J/ψf0 decay and to identify the inner structure or
the components of the scalar f0 state.
It is believed that light scalars below 1 GeV could play an important role to help understand the QCD vacuum because of their
same quantum numbers JPC = 0++ [17]. But, it is unfortunate that the inner structure of these light scalars such as σ and f0 is
presently hard to understood well due to the complicated nonperturbative QCD dynamics. Therefore, the interpretation of their
components is far from being straightforward and still in controversy; e.g., see reviews [4, 18–23]. Alternatively, however, the
production of σ and f0 in the heavyD(s),B(s), evenBc meson decays could provide another insight into their inner structure. In
particular, the B0d,s → J/ψσ(f0) decays could be more favored because they contain few topologies of Feynman diagrams, as
well as the expectantly small penguin pollution. For example, Stone and Zhang ever suggested in Ref. [24] that these channels
could be used to discern the qq¯ or tetraquark nature of scalars, and an upper limit of the mixing angle between σ and f0 was
provided with the help ofB0d → J/ψσ andB0s → J/ψf0 decays as 29◦ at 90% confidence level for the σ and f0 being qq¯ states.
On the theoretical side, some of these B0d,s → J/ψσ(f0) modes have been investigated to a different extent with different
methods/approaches in the literature [17, 25–35], and, in particular,
(a) Colangelo et al. studied the B0s → J/ψf0 decay by using the light-cone QCD sum rule and factorization assumption in
Ref. [25] with leading order prediction BR(B0s → J/ψf0) = 3.1 ± 2.4× 10−4 and the next-to-leading order(NLO) one
BR(B0s → J/ψf0) = 5.3± 3.9× 10−4, and using generalized factorization and SU(3) flavor symmetry in Ref. [26] with
different branching ratios 4.7± 1.9× 10−4 and 2.0± 0.8× 10−4, respectively. Notice that here f0 was assumed as a pure
ss¯ state.
(b) By assuming f0 as an ss¯ state, Leitner et al. estimated the B
0
s → J/ψf0 decay rate around 5.0 × 10−4 in the QCD
factorization approach [27], based on reproduction of the data about BR(B0s → J/ψφ).
(c) Fleischer et al. showed the anatomy of B0d,s → J/ψf0 in Ref. [28] by considering the qq¯ and tetraquark pictures of
the f0 state. And they obtained the branching ratios with different mixing angles ϕM in the conventional two-quark
picture: BR(B0s → J/ψf0)|ϕM=0◦ ≃ 1.9× 10−4 and BR(B0s → J/ψf0)|ϕM=41.6◦ ≃ 4.8× 10−4 by using factorization
approximation and SU(3) flavor symmetry. Meanwhile, the B0d → J/ψf0(→ pi+pi−) decay rate∼ 1.65+0.34−0.29× 10−6 was
also predicted.
(d) Under the assumption of two-quark structure and the σ − f0 mixing, Li et al. studied the B0s → J/ψσ(f0) decays with a
mixed “QCD factorization plus perturbative QCD(PQCD) factorization” approach [29] and predicted the branching ratios
BR(B0s → J/ψf0) = 2.43+0.30−0.31 × 10−4 and BR(B0s → J/ψσ) = 4.72+0.62−0.59 × 10−5, corresponding to the mixing angle
φf about±34◦.
3In light of the current measurements on various observables performed by the LHCb Collaboration with good precision, it is
essential to make a systematic investigation on all of theB0d,s → J/ψσ(f0)modes. Encouraged by the global agreement between
the data and the theoretical predictions in the PQCD approach [36–39] on theB → J/ψV decays at the NLO accuracy [40], we
extend that formalism to the B0d,s → J/ψσ(f0) decays in the quark-antiquark description of σ and f0 with including the known
NLO corrections in αs, namely, the vertex corrections. It is well known that, as one of the popular factorization methods based
on QCD dynamics, the PQCD approach has been widely employed to calculate the hadronic matrix elements in the nonleptonic
decays of heavy b quark mesons. Because of the introduction of the Sudakov factors arising from kT resummation [41, 42] and
threshold resummation [43, 44], respectively, the PQCD approach could be utilized to compute the nonfactorizable emission
and the annihilation diagrams safely, apart from the factorizable emission ones. With the perturbative calculations of both tree
and penguin amplitudes in the PQCD approach, we could provide the predictions on the observables such as the CP-averaged
branching ratios, the CP-violating asymmetries, and so forth with muchmore reliability. Hence, these reliable calculations would
help us to further investigate the impact of the penguin contributions to the CP asymmetry measurements, even the extraction of
weak phases φd,s, and explore the useful information such as the mixing angle φf between the mixtures of σ and f0, if they are
really the qq¯ mesons.
The rest of this paper is organized as follows: After this introduction, Sec. II is devoted to the analysis of decay amplitudes
for the B0d,s → J/ψσ(f0) modes in the PQCD approach. The essential nonperturbative inputs are also collected in this section.
The numerical results and phenomenological analyses for the CP-averaged branching ratios, CP-violating asymmetries, and
other interesting observables of the considered decays are given in Sec. III. As a byproduct, we also present the CP-averaged
branching ratios of B0d,s → J/ψf0(→ K+K−) decays in this section. We summarize this work and conclude in Sec. IV.
II. DECAY AMPLITUDES OFB0d,s → J/ψσ(f0) AND ESSENTIAL INPUTS
FIG. 1. Leading quark-level Feynman diagrams contributing to the B0d,s → J/ψσ(f0) decays.
Similar to B0d,s → J/ψη(η′) decays in the pseudoscalar sector [45], the leading quark-level Feynman diagrams contributing
to the B0d,s → J/ψσ(f0) decays have been illustrated in Fig. 1. Before writing down the decay amplitudes of the considered
B0d,s → J/ψσ(f0) channels, it is essential to make some remarks on the mixing between σ and f0. Analogous to the η − η′
mixing, this scalar σ − f0 mixing can also be described by a 2 × 2 rotation matrix with a single angle φf in the quark-flavor
basis, namely,
(
σ
f0
)
=
(
cosφf − sinφf
sinφf cosφf
)(
fq
fs
)
. (8)
with the quark-flavor states fq ≡ uu¯+dd¯√2 and fs ≡ ss¯. Variousmixing angle φf measurements have been derived and summarized
in the literature with a wide range of values; for example, see Refs. [28, 46–48]. However, it is worth of pointing out that,
based on the recent measurement and the accompanied discussion performed by the LHCb Collaboration [6], the upper limits
|φf | < 31◦ have been set for the first time in the B meson decays with a two-quark structure description of σ and f0. Therefore,
in other words, the agreement of CP-averaged branching ratios for the B0d,s → J/ψσ(f0) decays between the experimental
measurements and the PQCD predictions in this work is expected to provide some useful information to further constrain the
possible range of this φf angle.
According to the aforementioned mixing pattern, the B0d,s → J/ψσ(f0) decay amplitudes could then be written explicitly
4with the help of B0d(s) → J/ψfq(s) as follows,
A(B0d → J/ψσ) = A(B0d → J/ψfq) · cosφf , (9)
A(B0d → J/ψf0) = A(B0d → J/ψfq) · sinφf ; (10)
A(B0s → J/ψσ) = A(B0s → J/ψfs) · (− sinφf ) , (11)
A(B0s → J/ψf0) = A(B0s → J/ψfs) · cosφf , (12)
which yield the following relations:
|A(B0d → J/ψσ)|2 + |A(B0d → J/ψf0)|2 = |A(B0d → J/ψfq)|2 , (13)
|A(B0s → J/ψσ)|2 + |A(B0s → J/ψf0)|2 = |A(B0s → J/ψfs)|2 . (14)
Here, the decay amplitudes of B0d(s) decaying into the flavor state fq(s) could be easily obtained from those in the B
0
d(s) →
J/ψω(φ) modes correspondingly in the PQCD approach, which is clarified later. These formulas indicate that the theoretically
reliable estimates of the perturbative and nonperturbative QCD dynamics in the B0d(s) → J/ψfq(s) modes are very important
to understand the B0d,s → J/ψσ(f0) decays experimentally, and vice versa. It is worth mentioning that the wave functions
associated with light-cone distribution amplitudes that describe the hadronization of valence quark and valence antiquark in
a meson are the only nonperturbative inputs in the PQCD calculations and are processes independent. It is fortunate that the
nonperturbative QCD dynamics of the above-mentioned initial and final hadrons has been investigated in the literature.
(a) It is remarked that the B → J/ψP (V ) decays[P (V ) stands for the light pseudoscalar(vector) mesons] have been studied
in the PQCD approach at the NLO accuracy [40, 45, 49–52] with the same wave functions and distribution amplitudes
for the heavy B0d,s and J/ψ mesons. Furthermore, the general consistency between theory and experiment in the SM for
the branching ratios of those considered decays has been obtained. Thus, in this work, we adopt the same wave functions
and distribution amplitudes of B0d,s and J/ψ as those used in, for example, Ref. [40] and references therein, as well as the
relevant hadronic parameters.
(b) For the scalar flavor states fq and fs, the light-cone wave function can generally be defined as [53]
Φfq(s)(x) =
i√
2Nc
{
P/φfq(s) (x) +mfq(s) φ
S
fq(s)
(x) +mfq(s) (n/v/− 1)φTfq(s)(x)
}
αβ
, (15)
where Nc, φfq(s) , and φ
S,T
fq(s)
, mfq(s) , n, and v, and α, β are the color factor, the leading twist, and twist 3 distribution
amplitudes, the mass of fq(s), the dimensionless lightlike unit vectors n = (1, 0,0T ) and v = (0, 1,0T ), and the color
indices, respectively, while x denotes the momentum fraction carried by the quark in the meson.
The light-cone distribution amplitudes up to twist 3 as shown in Eq. (15) have been investigated in the QCD sum rule
technique1[53] with the contributions arising from only the odd Gegenbauer polynomials,
φfq(s) =
f¯fq(s)(µ)
2
√
2Nc
{
6x(1− x)
[
B
q(s)
1 (µ)C
3/2
1 (2x− 1) +Bq(s)3 (µ)C3/23 (2x− 1)
]}
, (16)
φSfq(s) =
1
2
√
2Nc
f¯fq(s)(µ) , φ
T
fq(s)
=
1
2
√
2Nc
f¯fq(s)(µ)(1 − 2x) , (17)
where the scalar decay constants f¯fq (µ) and f¯fs(µ) and the Gegebnbauer moments B
q(s)
1,3 (µ) at the normalization scale
µ = 1 GeV are as follows [53]:
f¯fq ≃ 0.35 GeV , f¯fs ≃ 0.33 GeV ; (18)
Bq1 = −0.92± 0.08 , Bq3 = −1.00± 0.05 , Bs1,3 ≃ 0.8Bq1,3 . (19)
The expressions for the Gegenbauer polynomialsC
3/2
1 (t) andC
3/2
3 (t) can be found explicitly, for example, from Eqs. (A8)
and (A10) in Ref. [54] with λ = 3/2.
1 Because of charge conjugation invariance or conservation of vector current, the neutral scalar σ and f0 mesons cannot be produced through the vector current,
which, consequently, results in the zero values of their vector decay constants, i.e., ffq = ffs = 0.
5The related weak effective HamiltonianHeff for the B
0
d(s) → J/ψfq(s) decays mentioned above can be written as [55]
Heff =
GF√
2
{
V ∗cbVcQ[C1(µ)O
c
1(µ) + C2(µ)O
c
2(µ)]− V ∗tbVtQ[
10∑
i=3
Ci(µ)Oi(µ)]
}
+ h.c. , (20)
with the Fermi constant GF = 1.16639× 10−5GeV−2, the light Q = d, s quark, and Wilson coefficients Ci(µ) at the renor-
malization scale µ. The local four-quark operatorsOi(i = 1, · · · , 10) are written as
(1) current-current(tree) operators
Oc1 = (Q¯αcβ)V−A(c¯βbα)V−A , O
c
2 = (Q¯αcα)V−A(c¯βbβ)V−A ; (21)
(2) QCD penguin operators
O3 = (Q¯αbα)V−A
∑
q′
(q¯′βq
′
β)V−A , O4 = (Q¯αbβ)V−A
∑
q′
(q¯′βq
′
α)V−A ,
O5 = (Q¯αbα)V−A
∑
q′
(q¯′βq
′
β)V+A , O6 = (Q¯αbβ)V−A
∑
q′
(q¯′βq
′
α)V+A ;
(22)
(3) electroweak penguin operators
O7 =
3
2
(Q¯αbα)V−A
∑
q′
eq′(q¯
′
βq
′
β)V+A , O8 =
3
2
(Q¯αbβ)V−A
∑
q′
eq′(q¯
′
βq
′
α)V+A ,
O9 =
3
2
(Q¯αbα)V−A
∑
q′
eq′(q¯
′
βq
′
β)V−A , O10 =
3
2
(Q¯αbβ)V−A
∑
q′
eq′(q¯
′
βq
′
α)V−A ,
(23)
with the notations (q¯′q′)V±A = q¯′γµ(1 ± γ5)q′. The index q′ in the summation of the above operators runs through u, d, s, c,
and b. The standard combinations ai of Wilson coefficients are defined as follows,
a1 = C2 +
C1
3
, a2 = C1 +
C2
3
,
ai = Ci +
Ci±1
3
(i = 3− 10) , (24)
where the upper(lower) sign applies, when i is odd(even). It should be mentioned that, similar to B → J/ψV decays [40],
the NLO Wilson coefficients Ci(i = 1, · · · , 10) and the strong coupling constant αs at two-loop level with Λ(5)QCD = 0.225
GeV [55] are adopted in the calculations of the B0d(s) → J/ψfq(s) decay amplitudes.
As for the decay amplitudes of B0d(s) → J/ψfq(s), we adopt Ffe and Mnfe to stand for the contributions of factorizable
emission and nonfactorizable emission diagrams from (V −A)(V −A) operators. The explicit expressions of these two Feynman
amplitudes Ffe andMnfe can be obtained by replacing the distribution amplitudes φω(φ) and φ
s,t
ω(φ) in theB
0
d(s) → [J/ψω(φ)]L
mode(L stands for longitudinal polarization), i.e., Eqs. (37) and (40) in [40], with those φfq(s) and φ
S,T
fq(s)
correspondingly.
Meanwhile, the masses of the light mesons should be replaced correspondingly too. Therefore, for simplicity, we do not present
the factorization formulas of Ffe andMnfe for the Bd(s) → J/ψfq(s) decays in this work. The readers can refer to Ref. [40]
for detail.
By taking various contributions from the relevant Feynman diagrams into consideration, the total decay amplitudes for
B0d(s) → J/ψfq(s) channels are given as
A(B0d(s) → J/ψfq(s)) = FfefJ/ψ
{
V ∗cbVcd(s) a˜2 − V ∗tbVtd(s)
(
a˜3 + a˜5 + a˜7 + a˜9
)}
+Mnfe
{
V ∗cbVcd(s)C2 − V ∗tbVtd(s)
(
C4 − C6 − C8 + C10
)}
, (25)
where a˜i stands for the effective Wilson coefficients that include the contributions arising from the vertex corrections at NLO
level. The explicit expressions of a˜i can be found in Appendix A.
6III. NUMERICAL RESULTS AND DISCUSSIONS
We present the theoretical predictions about the interesting observables such asCP-averaged branching ratios andCP-violating
asymmetries for those considered B0d,s → J/ψσ(f0) decay modes in the PQCD approach. In numerical calculations, central
values of the input parameters are used implicitly unless otherwise stated.
The masses (in units of GeV) and B0d,s meson lifetime(in ps) are taken from Refs. [4, 53],
mW = 80.41 , mB = 5.28 , mBs = 5.37 , mb = 4.8 , mfq = 0.99 ;
mfs = 1.02 , mc = 1.5 , mJ/ψ = 3.097 , τBd = 1.520 , τBs = 1.509 . (26)
For the CKM matrix elements, we adopt the Wolfenstein parametrization up to corrections of O(λ5) and the updated param-
eters A = 0.836, λ = 0.22453, ρ¯ = 0.122+0.018−0.017, and η¯ = 0.355
+0.012
−0.011 [4].
By employing those decay amplitudes, i.e., Eqs. (9)-(12) and Eq. (25), the formulas of branching ratios for the considered
B0d,s → J/ψσ(f0) decays can be written as
BR(B0d,s → J/ψσ(f0)) ≡ τB0
d(s)
· Γ(B0d,s → J/ψσ(f0))
= τB0
d(s)
·
G2Fm
7
B0
d(s)
16pi
· Φd,sσ,f0 · |A(B0d,s → J/ψσ(f0))/m2B0d(s) |
2 , (27)
where τB0
d(s)
is the lifetime of B0d(s) meson and Φ
d,s
σ,f0
stands for the phase space factors of B0d,s → J/ψσ(f0) decays,
Φdσ(f0) ≡ Φ(mJ/ψ/mB0d ,mσ(f0)/mB0d) , Φ
s
σ(f0)
≡ Φ(mJ/ψ/mB0s ,mσ(f0)/mB0s ) , (28)
with Φ(x, y) ≡
√
[1− (x+ y)2][1− (x− y)2] [28],mσ = 0.5 GeV, andmf0 = 0.98 GeV.
As discussed in the literature, up to now, the mixing angle φf between the mixtures of σ and f0 could not be determined
definitely yet and is still in controversy. Various values and/or ranges have been analyzed; e.g., see Ref. [28, 48] and references
contained therein. However, based on lots of measurements via resonance investigations on the B0d,s → J/ψσ(f0) decays
as presented in Eqs. (1)-(4), it may be more interesting to consider the dependence of the CP-averaged branching ratios of
B0d,s → J/ψσ/f0(→ pi+pi−) with the angle φf in the PQCD approach, which would hint effectively at the acceptable value
of φf in this work. Certainly, different from the corresponding quasi-two-body decays [32], the σ/f0 → pi+pi− decay rate is
regarded as an input in this work.
It is noted that the f0 is an elusive object that decays largely into pi
+pi− but also decays into K+K−. By combining the
BABAR measurements about the B → KKK,Kpipi decays and the BES measurements about ψ(2S)→ γχc0(→ f0f0) decays
with either both f0 decaying into pi
+pi− or one into pi+pi− and the other into K+K− pairs [56–59], the average of these two
measurements could give [6]
R ≡ B(f0 → K
+K−)
B(f0 → pi+pi−) = 0.35
+0.15
−0.14 , (29)
which results in the following branching ratios explicitly:
B(f0 → pi+pi−) = 0.45+0.07−0.05 , B(f0 → K+K−) = 0.16+0.04−0.05 ; (30)
by employing the formulas B(f0 → pi+pi−) = 24R+3 and B(f0 → K+K−) = 2R4R+3 [28]. Here, the dominance of f0 decaying
into pipi and KK is assumed, and the only other decays are also assumed to pi0pi0, half of the pi+pi− rate, and to K0K¯0, taken
equal to K+K−. For the σ meson, it is assumed that the only decays are into two pions. Then, following from the isospin
Clebsch-Gordan coefficients, the σ → pi+pi− decay rate could be obtained as 23 . In order to estimate the uncertainties from
σ → pi+pi− decay, the variations with 10% of the central value, i.e., B(σ → pi+pi−) ≃ 0.67 ± 0.07, are taken into account in
the following estimations.
Therefore, armed with B(f0 → pi+pi−) and B(σ → pi+pi−), the B0d,s → J/ψσ/f0(→ pi+pi−) decay rates varying with the
mixing angle φf could be further written theoretically as [60]
BR(B0d → J/ψσ, σ → pi+pi−) ≡ BR(B0d → J/ψσ)B(σ → pi+pi−)
∝ τB0
d
· Φdσ ·m7B0
d
· |A(B0d → J/ψfq)/m2B0
d
|2 · cos2 φf , (31)
BR(B0d → J/ψf0, f0 → pi+pi−) ≡ BR(B0d → J/ψf0)B(f0 → pi+pi−)
∝ τB0
d
· Φdf0 ·m7B0d · |A(B
0
d → J/ψfq)/m2B0
d
|2 · sin2 φf ; (32)
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FIG. 2. Dependence on the mixing angle φf of the central values for BR(B
0
d,s → J/ψσ/f0 → J/ψpi
+pi−) in the PQCD approach: The
red solid [blue dashed] line corresponds to the B0d → J/ψσ(→ pi
+pi−) [B0d → J/ψf0(→ pi
+pi−)] decay, and the magenta dotted [gray
dot-dashed] line corresponds to the B0s → J/ψσ(→ pi
+pi−) [B0s → J/ψf0(→ pi
+pi−)] decay, respectively.
BR(B0s → J/ψσ, σ → pi+pi−) ≡ BR(B0s → J/ψσ)B(σ → pi+pi−)
∝ τB0s · Φsσ ·m7B0s · |A(B
0
s → J/ψfs)/m2B0s |
2 · sin2 φf , (33)
BR(B0s → J/ψf0, f0 → pi+pi−) ≡ BR(B0s → J/ψf0)B(f0 → pi+pi−)
∝ τB0s · Φsf0 ·m7B0s · |A(B
0
s → J/ψfs)/m2B0s |
2 · cos2 φf . (34)
By employing the decay amplitudes and the hadronic inputs, we plot the CP-averaged branching ratios in the PQCD approach
at the known NLO level of B0d,s → J/ψσ/f0(→ pi+pi−) decays depending on the angle φf , which can be seen explicitly in
Fig. 2. Here, the central values of the relevant branching ratios varyingwith φf are presented for clarification. By comparingwith
the data as shown in Eqs. (1)-(4), one can easily observe the overall consistency between experiment and theory of BR(B0d,s →
J/ψσ/f0(→ pi+pi−)) around φf ≈ 25◦ with a twofold ambiguity from Fig. 2. Frankly speaking, this twofold ambiguity
cannot be resolved in these consideredB0d,s → J/ψσ(f0) decays because there are no any interferences between the final states
J/ψfq and J/ψfs. That means it tends to be resolved through the studies of other B → Mσ(f0) decays withM denoting the
open-charmed or light hadrons, once the related measurements are available with high precision.
Then, within theoretical uncertainties, the NLO PQCD predictions of BR(B0d,s → J/ψσ(f0), σ(f0) → pi+pi−) at φf ≈ 25◦
can be read as follows:
BR(B0d → J/ψσ, σ → pi+pi−) = 1.22+0.41−0.29(ωB)+0.19−0.17(fJ/ψ)+0.34−0.29(Bqi )+0.13−0.21(at)+0.12−0.12(Bσ)× 10−5
= 1.22+0.60−0.51 × 10−5 , (35)
BR(B0s → J/ψf0, f0 → pi+pi−) = 1.30+0.50−0.33(ωB)+0.21−0.18(fJ/ψ)+0.30−0.27(Bsi )+0.19−0.23(at)+0.20−0.14(Bf0)× 10−4
= 1.30+0.68−0.53 × 10−4 ; (36)
BR(B0d → J/ψf0, f0 → pi+pi−) = 1.64+0.54−0.39(ωB)+0.26−0.23(fJ/ψ)+0.46−0.39(Bqi )+0.17−0.28(at)+0.25−0.18(Bf0)× 10−6
= 1.64+0.81−0.69 × 10−6 , (37)
BR(B0s → J/ψσ, σ → pi+pi−) = 4.56+1.74−1.16(ωB)+0.71−0.63(fJ/ψ)+1.06−0.93(Bsi )+0.66−0.80(at)+0.46−0.45(Bσ)× 10−5
= 4.56+2.30−1.86 × 10−5 . (38)
The dominant errors are induced by the shape parameter ωB = 0.40± 0.04(ωB = 0.50± 0.05)GeV for theB0d(B0s ) meson, the
decay constant fJ/ψ = 0.405± 0.014GeV for the J/ψ meson, the Gegenbauer momentsBq,si [see Eq. (19)] in the leading-twist
light-cone distribution amplitude of light scalar fq,s states, and the branching ratios Bσ/f0→pi+pi− , respectively. Furthermore, we
also investigate the higher order contributions simply through exploring the variation of the running hard scale tmax, i.e., from
0.8t to 1.2t (not changing 1/bi, i = 1, 2, 3), in the hard kernel, which has been counted into one of the sources of theoretical
uncertainties. In every second line of the above equations, various errors have been added in quadrature.
It is worthwhile to stress that, within still large uncertainties, the NLO PQCD predictions about the B0d → J/ψσ(→ pi+pi−)
andB0d,s → J/ψf0(→ pi+pi−) decay rates are generally consistent with the current data or upper limits, except for the seemingly
challenging B0s → J/ψσ(→ pi+pi−) one. Nevertheless, roughly speaking, the theoretical prediction of BR(B0s → J/ψσ(→
pi+pi−)) could agree with the current upper limits within 3σ(not to be confused with the σ meson) standard deviations. Of
course, more relevant studies are demanded theoretically and experimentally.
8In order to find more evidences for the consistency between theory and experiment under the assumption of σ − f0 mixing
in the conventional two-quark structure, it is better for us to study the relative ratios of the above-mentioned branching ratios
over those of the referenced channels such as the preferred BR(B0s → J/ψφ(→ K+K−)), because the effects induced by
the uncertainties of nonperturbative inputs are expected to be canceled to a great extent. This cancellation can also be easily
observed in the quantities such as CP-violating asymmetries that are clarified later. Therefore, following Eqs. (5)-(7), the relative
ratio RTh.f0/φ(pi) in the PQCD approach at NLO accuracy could be easily obtained as
RTh.f0/φ(pi) ≡
BR(B0s → J/ψf0)B(f0 → pi+pi−)
BR(B0s → J/ψφ)B(φ→ K+K−)
∣∣∣∣∣
PQCD
= 0.258+0.032−0.041 , (39)
and
BR(B0s → J/ψf0, f0 → pi+pi−)
BR(B0s → J/ψφ)
∣∣∣∣∣
PQCD
= 0.126+0.017−0.020 , (40)
assisted with the available values BR(B0s → J/ψφ)|PQCD = 1.02+0.36−0.30× 10−3 [40] and B(φ→ K+K−) = 0.492± 0.005 [4].
These two ratios are found to agree well with the measurements as shown in Eqs. (6) and (7).
Furthermore, as reported by the LHCb Collaboration, the latest values of BR(B0d → J/ψρ0, ρ0 → pi+pi−) and BR(B0d →
J/ψσ, σ → pi+pi−) are as follows [7],
BR(B0d → J/ψρ0, ρ0 → pi+pi−) = 2.50+0.21−0.18 × 10−5 , (41)
BR(B0d → J/ψσ, σ → pi+pi−) = 0.88+0.12−0.16 × 10−5 . (42)
Then the relative ratio of these two branching ratios could be derived analogously as
Rσ/ρ ≡
BR(B0d → J/ψσ, σ → pi+pi−)
BR(B0d → J/ψρ0, ρ0 → pi+pi−)
= 0.352+0.017−0.042 , (43)
It is commented that, based on the isospin conservation in the strong interactions, the branching ratio of ρ0 → pi+pi− is about
100% [4]. Therefore, by combining with the available predictionBR(B0d → J/ψρ0)|PQCD = 2.7+1.0−0.7×10−5 [40] and Eq. (35),
the corresponding ratio predicted theoretically in the PQCD approach can be read as
RTh.σ/ρ(pi) ≡
BR(B0d → J/ψσ)B(σ → pi+pi−)
BR(B0d → J/ψρ0)B(ρ0 → pi+pi−)
∣∣∣∣∣
PQCD
= 0.452+0.040−0.097 , (44)
which is basically consistent with that, see Eq. (43), extracted from the LHCb measurement within large errors. It is clearly
observed that the PQCD predicted branching ratios and the relevant ratios of B0d(s) → J/ψσ(f0)(→ pi+pi−) decays with the
mixing angle φf around 25
◦ indeed agree with the corresponding measurements within uncertainties. It is interesting to note
that these predictions are also consistent with those already presented in the literature [28, 32].
Similarly, the ratios RTh.f0/ρ(pi) and R
Th.
σ/φ(pi) in the PQCD approach could be predicted as
RTh.f0/ρ(pi) ≡
BR(B0d → J/ψf0)B(f0 → pi+pi−)
BR(B0d → J/ψρ0)B(ρ0 → pi+pi−)
∣∣∣∣∣
PQCD
= 0.061+0.005−0.013 , (45)
RTh.σ/φ(pi) ≡
BR(B0s → J/ψσ)B(σ → pi+pi−)
BR(B0s → J/ψφ)B(φ→ K+K−)
∣∣∣∣∣
PQCD
= 0.090+0.010−0.014 , (46)
which are expected to be examined in the future measurements, even if the B0s → J/ψσ(σ → pi+pi−) decay rate highly
supersedes the current upper limit set by the LHCb Collaboration.
From the above results, one can see that most of our PQCD predictions on CP-averaged branching ratios and relevantly
relative ratios of B0d,s → J/ψσ/f0(→ pi+pi−) up to NLO precision agree well with the existing experimental measurements
within uncertainties at φf around 25
◦. Therefore, the branching ratios of the decays B0d,s → J/ψσ(f0) under consideration in
the PQCD approach are presented within errors as follows,
• for b¯→ d¯ decay channels,
BR(B0d → J/ψσ) = 1.83+0.61−0.43(ωB)+0.29−0.25(fJ/ψ)+0.51−0.44(Bqi )+0.19−0.31(at)[1.83+0.87−0.73]× 10−5, (47)
BR(B0d → J/ψf0) = 3.64+1.21−0.86(ωB)+0.57−0.51(fJ/ψ)+1.02−0.88(Bqi )+0.37−0.62(at)[3.64+1.72−1.47]× 10−6; (48)
9• for b¯→ s¯ decay channels,
BR(B0s → J/ψσ) = 6.83+2.61−1.74(ωB)+1.07−0.95(fJ/ψ)+1.58−1.40(Bsi )+0.99−1.20(at)[6.83+3.38−2.71]× 10−5, (49)
BR(B0s → J/ψf0) = 2.89+1.11−0.73(ωB)+0.46−0.40(fJ/ψ)+0.67−0.58(Bsi )+0.42−0.50(at)[2.89+1.44−1.13]× 10−4, (50)
where, as shown in the square brackets, various errors of the numerical results have also been added in quadrature. One can
observe that the decay rates for the b¯ → s¯ transition processes, i.e., B0s → J/ψσ(f0), are generally much larger than those for
the b¯→ d¯ transition ones, i.e., B0d → J/ψσ(f0). This is due to the CKM hierarchy for two kinds of processes: the CKM factors
VcbVcs in b → s are about four times larger than the VcbVcd for b → d process, and the different factors sin2 φf or cos2 φf
from the mixtures of σ and f0 mesons. The remanent but small differences arise from the SU(3) symmetry breaking effects in
the hadronic parameters, such as decay constants, mesonic masses, distribution amplitudes, etc.. It is easily seen that our NLO
PQCD predicted branching ratios of the B0d,s → J/ψσ(f0) decays around φf ≈ 25◦ are generally consistent with those earlier
predictions [25–29] as aforementioned in the introduction within still large uncertainties.
Based on those PQCD branching ratios as presented in the Eqs. (47)-(50), several interesting ratios could be derived as follows:
Rdσf0 ≡
BR(B0d → J/ψσ)
BR(B0d → J/ψf0)
∣∣∣∣∣
PQCD
(≈ 5.03+0.02−0.01) =
Φdσ
Φdf0
· cot2 φf , (51)
Rsf0σ ≡
BR(B0s → J/ψf0)
BR(B0s → J/ψσ)
∣∣∣∣∣
PQCD
(≈ 4.23+0.03−0.00) =
Φsf0
Φsσ
· cot2 φf (52)
Rσsd ≡
BR(B0s → J/ψσ)
BR(B0d → J/ψσ)
∣∣∣∣∣
PQCD
(≈ 3.73+0.27−0.17)
=
τB0s
τB0
d
· (mB0s
mB0
d
)7 · Φ
s
σ
Φdσ
·
|A(B0s → J/ψfs)/m2B0s |
2
|A(B0d → J/ψfq)/m2B0
d
|2 · tan
2 φf , (53)
Rf0sd ≡
BR(B0s → J/ψf0)
BR(B0d → J/ψf0)
∣∣∣∣∣
PQCD
(≈ 79.43+6.13−3.45)
=
τB0s
τB0
d
· (mB0s
mB0
d
)7 · Φ
s
f0
Φdf0
·
|A(B0s → J/ψfs)/m2B0s |
2
|A(B0d → J/ψfq)/m2B0
d
|2 · cot
2 φf . (54)
Rsf0dσ ≡
BR(B0s → J/ψf0)
BR(B0d → J/ψσ)
∣∣∣∣∣
PQCD
(≈ 15.8+1.2−0.7)
=
τB0s
τB0
d
· (mB0s
mB0
d
)7 · Φ
s
f0
Φdσ
·
|A(B0s → J/ψfs)/m2B0s |
2
|A(B0d → J/ψfq)/m2B0
d
|2 (55)
Rsσdf0 ≡
BR(B0s → J/ψσ)
BR(B0d → J/ψf0)
∣∣∣∣∣
PQCD
(≈ 18.7+1.4−0.9)
=
τB0s
τB0
d
· (mB0s
mB0
d
)7 · Φ
s
σ
Φdf0
·
|A(B0s → J/ψfs)/m2B0s |
2
|A(B0d → J/ψfq)/m2B0
d
|2 (56)
Then, some remarks are in order.
(a) It is interesting to note that the first two ratiosRdσf0 andR
s
f0σ
in the PQCD approach are almost invariant to the aforemen-
tioned various nonperturbative parameters, although the corresponding branching ratios show strong sensitivity to them.
Again, the effects induced by various errors in the relevant branching ratios have been canceled significantly. Thus, as
discussed in the literature, e.g., Refs. [24] and [29], these two relations could be utilized to extract the angle φf between
σ and f0 mixing in the two-quark picture cleanly, because R
d
σf0
and Rsf0σ are almost equal to cot
2 φf with the almost
definite values Φdσ/Φ
d
f0
≈ 1.095 and Φsσ/Φsf0 ≈ 1.087, respectively.
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(b) As presented in the last two ratios, Rsf0dσ and R
sσ
df0
are independent on the mixing angle φf , and are of great interest to
examine the SU(3) flavor symmetry breaking effects, if the penguin contributions are indeed tiny and negligible. To see
more explicitly, these two ratios could be further derived by factoring out the related CKM matrix elements Vcs and Vcd
correspondingly,
Rsf0dσ =
τB0s
τB0
d
· (mB0s
mB0
d
)7 · Φ
s
f0
Φdσ
· |Vcs|
2
|Vcd|2 ·
|A′(B0s → J/ψfs)|2
|A′(B0d → J/ψfq)|2
, (57)
Rsσdf0 =
τB0s
τB0
d
· (mB0s
mB0
d
)7 · Φ
s
σ
Φdf0
· |Vcs|
2
|Vcd|2 ·
|A′(B0s → J/ψfs)|2
|A′(B0d → J/ψfq)|2
, (58)
which consequently result in
|A′(B0s→J/ψfs)|2
|A′(B0
d
→J/ψfq)|2 ≈ 0.72, deviating from unity about 30% roughly. Here, A′ ≡ A/m2B .
(c) In light of the above-mentioned two points, it seems more complicated that the entanglement of the SU(3) symmetry
breaking effects and the information of mixing angle φf exhibits evidently in the middle two relations. Nevertheless,
these two ratios could provide constraints supplementarily to either the former or the latter when one of them in the first
two or last two ratios could be manifested definitely.
By the way, the mixing angle φf can also be constrained similarly from the ratios of the measured B
0
d → J/ψσ and B0s →
J/ψf0 decays over the referenced B
0
d → J/ψρ0 and B0s → J/ψφ ones with high precision, respectively, but suffer probably
from nonperturbative pollution induced by the hadronic parameters.
Now, let us turn to analyze the CP violations of the B0d,s → J/ψσ(f0) decays in the PQCD approach at NLO accuracy. As
for the CP-violating asymmetries for the B0d,s → J/ψσ(f0) decays, the effects of neutral B0d,s − B¯0d,s mixing should be taken
into account. The CP-violating asymmetries of B0d,s(B¯
0
d,s)→ J/ψσ(f0) decays are time dependent and can be defined as
ACP ≡
Γ
(
B¯0d,s(∆t)→ fCP
)
− Γ
(
B0d,s(∆t)→ fCP
)
Γ
(
B¯0d,s(∆t)→ fCP
)
+ Γ
(
B0d,s(∆t)→ fCP
)
= AdirCP cos(∆md,s∆t) +A
mix
CP sin(∆md,s∆t) , (59)
where∆md,s is the mass difference between the two B
0
d,s mass eigenstates,∆t = tCP − ttag is the time difference between the
tagged B0d,s (B¯
0
d,s) and the accompanying B¯
0
d,s (B
0
d,s) with opposite b flavor decaying to the final CP eigenstate fCP at the time
tCP. The direct and mixing-induced CP-violating asymmetries A
dir
CP(Cf ) and AmixCP (Sf ) can be written as
AdirCP ≡ Cf =
∣∣∣λd,sCP∣∣∣2 − 1
1 +
∣∣∣λd,sCP∣∣∣2
, AmixCP ≡ Sf =
2Im(λd,sCP)
1 +
∣∣∣λd,sCP∣∣∣2
, (60)
with the CP-violating parameter λd,sCP,
λd,sCP ≡ ηf
V ∗tbVtd(s)
VtbV ∗td(s)
· 〈fCP|Heff |B¯
0
d,s〉
〈fCP|Heff |B0d,s〉
, (61)
where ηf is the CP eigenvalue of the final states. Moreover, for B
0
s meson decays, a nonzero ratio (∆Γ/Γ)B0s is expected in the
SM [61, 62]. For B0s → J/ψσ(f0) decays, the third term A∆ΓsCP related to the presence of a non-negligible∆Γs to describe the
CP violation can be defined as follows [62]:
A∆ΓsCP =
2Re(λsCP)
1 + |λsCP|2
. (62)
The above three quantities describing the CP violations in B0s meson decays shown in Eqs. (60) and (62) satisfy the following
relation,
|AdirCP|2 + |AmixCP |2 + |A∆ΓsCP |2 = 1 . (63)
The CP-violating parameters λdCP and λ
s
CP defined for the B
0
d → J/ψσ(f0) and B0s → J/ψσ(f0) decays can be written
explicitly as
λdCP = ηf
V ∗tbVtd
VtbV ∗td
· A(B¯
0
d → J/ψσ(f0))
A(B0d → J/ψσ(f0))
, λsCP = ηf
V ∗tbVts
VtbV ∗ts
· A(B¯
0
s → J/ψσ(f0))
A(B0s → J/ψσ(f0))
, (64)
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with the CP eigenvalue ηf = −1. Based on Eqs. (9)-(12), it is easy to observe that λdCP and λsCP are actually determined by the
decay amplitudes of B0d → J/ψfq and B0s → J/ψfs, respectively. The results of λdCP and λsCP can then be read numerically as
λdCP = (−0.709+0.000−0.001) + i(0.681+0.000−0.001) , (65)
λsCP = (−1.000+0.000−0.000)− i(0.037+0.000−0.000) . (66)
Therefore, their modules can be read correspondingly as,
|λdCP| = 0.983+0.001−0.000 , (67)
|λsCP| = 1.001+0.000−0.000 , (68)
which indicate a slightly large(tiny) penguin contamination in these considered B0d(B
0
s ) decay modes. It is interesting to note
that the consistent measurement of |λ| = 1.01+0.08−0.06 ± 0.03(the first uncertainty is statical and the second systematic) in the
B0s → J/ψpi+pi− decay was reported very recently by the LHCb Collaboration [5].
Then, the CP violations of B0d,s → J/ψσ(f0) in the PQCD approach are as follows,
AdirCP(B
0
d → J/ψσ(f0)) ≡ AdirCP(B0d → J/ψfq) = −1.70+0.06−0.06 × 10−2 , (69)
AmixCP (B
0
d → J/ψσ(f0)) ≡ AmixCP (B0d → J/ψfq) = 0.692+0.001−0.000 ; (70)
AdirCP(B
0
s → J/ψσ(f0)) ≡ AdirCP(B0s → J/ψfs) = 0.733+0.032−0.044 × 10−3 , (71)
AmixCP (B
0
s → J/ψσ(f0)) ≡ AmixCP (B0s → J/ψfs) = −3.70+0.00−0.01 × 10−2 , (72)
A∆ΓsCP (B
0
s → J/ψσ(f0)) ≡ A∆ΓsCP (B0s → J/ψfs) = −0.999+0.000−0.000 . (73)
Notice that a CP-violating effect αCP =
1−|λf |
1+|λf | with λf being the CP-violating parameter like λ
d
CP is fitted as−58± 46× 10−3
for resonance f0(500) in the B
0 → J/ψpi+pi− decays [63], which is roughly consistent with our prediction within still large
experimental errors.
The above two mixing-induced CP violations, i.e., Eqs. (70) and (72), could be utilized to estimate the penguin impacts on
the weak phase φd,s in the B
0
d,s → J/ψσ(f0) decays,
φeffd(s) = −arg


(
q
p
)
d(s)
Ad(s)f
Ad(s)f

 = φSMd(s) +∆φd(s) , (74)
whereAd(s)f andA
d(s)
f are the decay amplitudes of B
0
d(s) → J/ψσ(f0) and B¯0d(s) → J/ψσ(f0) decays, respectively. In light of
the above-mentioned slightly small or tiny penguin pollution in the B0d,s → J/ψσ(f0) modes, the mixing-induced CP-violating
asymmetries could be further written approximately as AmixCP ≡ Sf ≃ sinφeff , whose evidently nonzero deviations to the SM
one sinφSM would be helpful to justify the new physics signals beyond SM. It is worth pointing out that only the perturbative
expansions at NLO in αs and at leading power in 1/mb are taken into account in the calculations of this work. We extract the
quantity∆φs from our NLO PQCD evaluations with t-quark penguin contributions as follows,
∆φs ≈ −0.38+0.06−0.04 × 10−3 , (75)
where the dominant errors are from the variation of the shape parameter ωB in the distribution amplitude of B
0
s meson and
the Gegenbauer moments Bsi in the distribution amplitude of flavor state fs, and various uncertainties have been added in
quadrature. The penguin corrections such as u-quark and c-quark loop contributions are not included here. As discussed
in Refs. [51] and [40], the former correction demands a two-loop calculation for the corresponding amplitude, which is not
available currently, while the latter one does not contribute to the quantity ∆φs. Therefore, the more precise value about ∆φs
extracted from the B0s → J/ψf0 mode by including u-quark penguin contamination has to be presented elsewhere in the future.
Here, we also calculate the modules of amplitudes for the B0d → J/ψσ, B0d → J/ψf0, and B0s → J/ψf0 decays with
definitions as |Aσd |, |Af0d |, and |Af0s | (in units of GeV3),
|Aσd | ≡ |A(B0d → J/ψσ)|PQCD ≈ 7.03+1.21−1.03 × 10−3 , (76)
|Af0d | ≡ |A(B0d → J/ψf0)|PQCD ≈ 3.28+0.56−0.48 × 10−3 , (77)
|Af0s | ≡ |A(B0s → J/ψf0)|PQCD ≈ 2.89+0.56−0.45 × 10−2 , (78)
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which result in the ratios Rσf0d/s between |A(B0d → J/ψσ)| and |A(B0s → J/ψf0)|, and Rf0f0d/s between |A(B0d → J/ψf0)| and
|A(B0s → J/ψf0)| as follows,
Rσf0d/s ≡
∣∣∣∣∣ A
σ
d
Af0s
∣∣∣∣∣
PQCD
= 0.243+0.003−0.005 , (79)
Rf0f0d/s ≡
∣∣∣∣∣A
f0
d
Af0s
∣∣∣∣∣
PQCD
= 0.113+0.002−0.002 . (80)
These two ratios are expected to be helpful to examine the SU(3) flavor symmetry breaking effects, as well as the useful
information on the mixing angle φf , in these considered B
0
d → J/ψσ(f0) and B0s → J/ψf0 decays.
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FIG. 3. Dependence on the mixing angle φf of the central values for BR(B
0
d,s → J/ψf0 → J/ψK
+K−) in the PQCD approach: The
magenta solid [gray dot-dashed] line corresponds to the B0d → J/ψf0(→ K
+K−) [B0s → J/ψf0(→ K
+K−)] decay, respectively.
Last but not least, it is noted that the scalar meson f0 decays largely into pi
+pi− but can also decay into K+K−. Therefore,
some useful information about this f0 meson could also be hinted from the analysis of B
0
d,s → J/ψf0 → J/ψK+K− decays.
The dependence of BR(B0d,s → J/ψf0(→ K+K−)) on the mixing angle φf is plotted in Fig. 3. According to B(f0 →
K+K−) = 0.16+0.04−0.05, the branching ratios ofB
0
d,s → J/ψf0(→ K+K−), as a byproduct, could be easily obtained at φf ≈ 25◦
as follows,
BR(B0d → J/ψf0, f0 → K+K−)|PQCD = 0.58+0.31−0.29 × 10−6 , (81)
BR(B0s → J/ψf0, f0 → K+K−)|PQCD = 0.46+0.26−0.23 × 10−4 . (82)
Then, the interesting ratios could be further derived as
RTh.f0/ρ(K) ≡
BR(B0d → J/ψf0)B(f0 → K+K−)
BR(B0d → J/ψρ0)B(ρ0 → pi+pi−)
∣∣∣∣∣
PQCD
= 0.021+0.003−0.006 , (83)
RTh.f0/φ(K) ≡
BR(B0s → J/ψf0)B(f0 → K+K−)
BR(B0s → J/ψφ)B(φ→ K+K−)
∣∣∣∣∣
PQCD
= 0.092+0.014−0.026 . (84)
which are expected to be tested in the measurements at LHCb and/or Belle-II experiments. Furthermore, the relevant exami-
nations provide more supplementary constraints on the mixing angle φf . By the way, frankly speaking, the B
0
s → J/ψf0(→
K+K−) branching ratio measurement is still necessary, although it is very difficult experimentally as f0 is buried under the tail
of φ (see Fig. 7 in Ref. [64] for example) [65].
Finally, two more comments are as follows:
(a) For final state interactions: As mentioned in the above, we just include the short distance contributions that can be pertur-
batively calculated in this work. Other possible contributions such as rescattering effects or final state interactions are not
considered yet, though they are generally believed to affect the predictions of the observables potentially.
(b) For possible tetraquark structure: In principle, we also need to make some calculations to help identify the possible
tetraquark structure of σ and f0. However, the essential inputs such as light-cone distribution amplitudes are still unavail-
able now. Therefore, we cannot obtain the information about the possible tetraquark components straightforwardly from
the perturbative evaluations in the heavy B meson decays currently.
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The above two issues have to be left for future investigations after precise measurements experimentally and related improve-
ments theoretically.
IV. SUMMARY
As an ideally alternative channel with no need of angular decomposition, the B0s → J/ψf0 decay is expected to have
great potential to reduce errors in the extraction of the B0s − B¯0s mixing phase φs, which will help us to search for the new
physics beyond SM associated with the precision measurements performed at the upgraded LHCb and/or the ongoing Belle-II
experiments. The quantitative exploration demands the reliable calculations about the corresponding decay amplitude. As a
possible reference, we made the investigations by assuming f0 as the ground scalar meson in the two-quark picture, where it is
believed that σ and f0 could mix with each other in the quark-flavor basis with a single mixing angle φf . Up to now, φf has not
been determined definitely, although several studies at both theoretical and experimental aspects have been presented.
Motivated by the global agreement on the observables of the B → J/ψV decays between the data and the PQCD approach
at NLO accuracy, we extended that formalism to the B0d,s → J/ψσ(f0) channels. The NLO PQCD predictions on the CP-
averaged branching ratios for the B0d,s → J/ψσ/f0(→ pi+pi−) decays and the relative ratios generally agree with the current
data or upper limits within still large theoretical errors around the mixing angle φf ≈ 25◦ with a twofold ambiguity. It is stressed
that this twofold ambiguity could be resolved in the B →Mσ(f0) decays withM being certain light or open-charmed hadrons
due to the constructive or destructive interferences between B → Mfq and B → Mfs decays. Several interesting observables
such as branching ratios, relative ratios, and CP-violating asymmetries for the B0d,s → J/ψσ(f0) decays are then predicted in
the PQCD approach at NLO level. They could be utilized to either constrain the mixing angle φf or estimate the SU(3) flavor
symmetry breaking effects. As a byproduct, the branching ratios of B0d,s → J/ψf0(→ K+K−) are also predicted in this work.
These given predictions about the B0d,s → J/ψσ(f0) decays await the future examinations with high precision.
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Appendix A: Effective Wilson Coefficients
As was pointed out in Ref. [50], for these considered B0d,s → J/ψσ(f0) decays, only the vertex corrections contribute at the
currently known NLO level, in which their effects can be absorbed into the Wilson coefficients associated with the factorizable
emission contributions [66, 67],
a˜2 = C1 +
C2
Nc
+
αs
4pi
CF
Nc
C2
(
−18 + 12 ln mb
µ
+ f0I
)
, (A1)
a˜3 = C3 +
C4
Nc
+
αs
4pi
CF
Nc
C4
(
−18 + 12 ln mb
µ
+ f0I
)
, (A2)
a˜5 = C5 +
C6
Nc
+
αs
4pi
CF
Nc
C6
(
6− 12 ln mb
µ
− f0I
)
, (A3)
a˜7 = C7 +
C8
Nc
+
αs
4pi
CF
Nc
C8
(
6− 12 ln mb
µ
− f0I
)
, (A4)
a˜9 = C9 +
C10
Nc
+
αs
4pi
CF
Nc
C10
(
−18 + 12 ln mb
µ
+ f0I
)
, (A5)
with the function f0I ,
f0I = fI + gI(1− z) , (A6)
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where z ≡ r2d,s = m2J/ψ/m2B0
d,s
and the functions fI and gI read as [67]
fI =
2
√
2Nc
fJ/ψ
∫ 1
0
dx2 φ
L
J/ψ(x2)
{
2zx2
1− z(1− x2) +
(
3− 2x2 − 8x22
) lnx2
1− x2
+
(
− 3
1− zx2 +
1 + 8x2
1− z(1− x2) −
2zx2
[1− z(1− x2)]2
)
zx2 ln zx2
+
(
3(1− z) + 2zx2 − 8zx22 +
2z2x22
1− z(1− x2)
)
ln(1− z)− ipi
1− z(1− x2)
}
, (A7)
and
gI =
2
√
2Nc
fJ/ψ
∫ 1
0
dx2 φ
L
J/ψ(x2)
{
4x2(2x2 − 1)
(1− z)(1− x2) lnx2 +
zx2
[1− z(1− x2)]2 ln(1− z)
+
(
1
(1− zx2)2 −
1
[1− z(1− x2)]2 −
8x2
(1− z)(1− zx2)
+
2(1 + z − 2zx2)
(1− z)(1− zx2)2
)
zx2 ln zx2 − ipi zx2
[1− z(1− x2)]2
}
, (A8)
respectively.
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